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Abstract
We present the string Lagrangian with manifest T-duality. Not only zero-modes but also all string modes
are doubled. The gravitational field is an O(D,D) gauge field. We give a Lagrangian version of the section
condition for the gauge invariance which compensates the O(D,D) transformation from the gravitational
field and the GL(2D) coordinate transformation. We also show the gauge invariance of the line element of
the manifest T-duality space and the O(D,D) condition on the background. Different sections describe dual
spaces.
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1 Introduction
T-duality is one of the characteristic features of the low energy effective gravity theory of string.
T-duality is a duality between long distance and short distance physics, leading to the existence of a
minimal length of the theory. In the long distance regime momentum excitations are dominant, while
in the short distance regime winding-mode excitations become dominant. To clarify the minimal
length physics a theory is desirable in which both momenta and winding modes are treated equally.
Doubling the coordinates corresponding to momenta and winding modes makes T-duality manifest.
Duff firstly introduced doubled coordinates to write down duality between the field equation and
the Bianchi identity [1]. Tseytlin used doubled coordinates to write down the action with manifest
T-duality without worldsheet covariance [2, 3]. Duff and Tseytlin described O(d,d) scalars for d
compactified dimensions, with coordinates doubled, in the string Lagrangian. One of the present
authors (W.S.) described O(D,D) gauge fields for whole D-dimensional spacetime, with only zero-
modes doubled (not all string modes 𝑋(𝜎)), in the Hamiltonian formalism [4–6]. This manifest
T-duality theory (T-theory) is the O(D,D) gauge theory for gravity. A closed string provides the 𝐵
field as well as the gravitational metric, and they are parameters of the coset O(D,D)/O(D−1,1)2
where O(D−1,1)2 is doubled Lorentz groups. It was further developed for Poincaré systems [7],
type II supersymmetric systems [8–11] and a nonableian system [12]. All string modes are doubled
in flat space [11]. Here we describe O(D,D) gauge fields in the Lagrangian formalism with doubled
coordinates. Massless field theory with O(D,D) T-duality group is called “double field theory” [13]
and it now becomes an active area whose review papers are for example [14–17].
An important question is how to reduce the half of the doubled coordinates. So far imposing
the selfduality condition on doubled coordinates reduces half of the doubled coordinates or half of
the worldsheet chiral currents. Instead of solving the selfduality condition gauging the antiselfdual
mode allows to preserve both target space doubling and the worldsheet covariance [18]. In this paper
we have applied this formulation to the doubled coordinate space. These covariance are preferable
for the quantum computation. The obtained new T-theory Lagrangian with the O(D,D) gravitational
fields 𝐸𝑀
𝐴 is
𝐿 = 𝑒−1(𝐽+
?̄?𝐽−?̄? + 𝐽+
𝐴𝐽−𝐴 − ̂𝜆+𝐽−
?̄?𝐽−?̄? − ̂𝜆−𝐽+
𝐴𝐽+𝐴) (1.1)
The Lagrangian includes both the selfdual current 𝐽+
𝐴 and the antiselfdual current 𝐽−
𝐴. The current
has the worldsheet index and the target space index
𝐽𝑎
𝐴 ≡ (𝑒𝑎
𝑚𝜕𝑚𝑋
𝑀)𝐸𝑀
𝐴 (1.2)
The worldsheet index is 𝑚 = (𝜏, 𝜎) and the worldsheet tangent-space index is 𝑎 = ±. The 2D-
dimensional target space index is𝑀 and the target tangent-space index is 𝐴 = (?̄?, 𝐴) with left/right
indices ?̄?, 𝐴. The worldsheet zweibein is 𝑒𝑎
𝑚 with 𝑒 = det 𝑒𝑎
𝑚. The non-chiral treatment [18] has
some advantages in the worldsheet covariance comparing to the chiral treatment: the Lagrangian
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has the manifest 2-dimensional Lorentz symmetry and the canonical 𝜎 derivative coincides with the
chain rule 𝜎 derivative without the selfduality condition.
Under the general coordinate transformation 𝑋𝑀 → 𝑋′𝑀 = 𝑋𝑀 − 𝛬𝑀 with the infinitesimal
parameter 𝛬𝑀(𝑋), the gauge invariance of the action requires the Lagrangian version of the section
condition
𝜕𝑚𝑋
𝑀𝜂𝑀𝐿𝜕𝑁𝛬
𝐿 = 0 (1.3)
where 𝜂𝑀𝑁 is the O(D,D) invariant metric. Multiplying 𝑑𝜎
𝑚𝑑𝑋𝑁 on (1.3) leads to the gauge
invariance condition of the orthogonality condition
𝑑𝑋𝑀𝜂𝑀𝑁𝑑𝑋
𝑁 = 𝑑𝑋′𝑀𝜂𝑀𝑁𝑑𝑋
′𝑁 (1.4)
The new T-theory Hamiltonian includes the antiselfdual currents ▹˜𝑀, so its gauge invariance
requires the Lagrangian version of the section condition and the weaker form of the selfduality
condition
𝜕𝜍𝑋
𝑀𝜂𝑀𝐿𝜕𝑁𝛬
𝐿 = 0 , ▹˜𝑀𝜂𝑀𝑁𝜕𝑁𝛬𝐿 = 0 (1.5)
T-duality is a duality between long and short distances in D-dimensional spacetime, so the
distance of the T-theory spacetime is double-faced. Invariance under the general coordinate trans-
formation is the guiding principle to determine the line element of the manifest T-duality space
(T-space). We propose the line element of the T-space and the orthogonal condition
𝑑𝑠2 = 𝑑𝑋𝑀𝐺𝑀𝑁(𝑋)𝑑𝑋
𝑁
0 = 𝑑𝑋𝑀𝜂𝑀𝑁𝑑𝑋
𝑁
(1.6)
They are fundamental quantities of the stringy geometry. Their general coordinate invariances
require the constraint (1.3) which compensate the O(D,D) transformation from the gravitational
fields and the GL(2D) transformation from the coordinates. The general coordinate invariance of
the orthogonal condition, the second equation in (1.6) or the equation (1.4), leads to the orthogonal
condition on the background as 𝐸𝐴
𝑀𝜂𝑀𝑁𝐸𝐵
𝑁 = 𝜂𝐴𝐵. Different sections of the metric (1.6) give
dual space metrics.
The organization of the paper is the following: In the next section the T-theory Lagrangian
is proposed. The Lagrangian includes both the selfdual and the antiselfdual currents. Selfduality
is chirality, where the selfdual current is the chiral left moving current. Contrast to the previous
Hamiltonian formulation which contains only selfdual currents [11], the new T-theory Lagrangian
is non-chiral. The worldsheet covariance is manifest where the Weyl-Lorentz gauge parameters are
used for the worldsheet reparametrization invariances [19]. In section 3 the gauge invariances of the
T-theory Hamiltonian and the Lagrangian under the spacetime coordinate transformation are shown.
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The spacetime coordinate invariance of the Hamiltonian requires two types of the conditions; the
Lagrangian version of the section condition and the weaker form of the selfduality condition. The
spacetime coordinate invariance of the Lagrangian requires the new condition. In section 4 constraint
algebras of the Virasoro constraints and selfduality constraints are presented. Subsidiary conditions
are clarified. The Hamiltonian is non-chiral including both the covariant derivative and the symmetry
generator. Non-chiral description makes the worldsheet covariance manifest. The comparison with
the chiral description in our previous work [11] is also explained. In section 5 the line element of the
T-space and the orthogonal condition on the background are derived from the Virasoro operators.
Although the expression of the line element was used to examine solutions [20], the gauge invariance
was not examined yet. The O(D,D) gauge invariance of the line element was tried to be realized by
integrating out a compensating field [21]. The selfduality condition eliminates 𝜕𝜍𝑋 by 𝜕𝜏𝑋 resulting
the zero-mode limit (particle limit) of the Virasoro operators. Their gauge invariance requires the
new condition. The covariant and contravariant vectors are transformed with O(D,D) matrices. This
is different from the bilinear of the GL(2D) matrices proposed in [22] which is inconsistent under the
multiple transformations and non-associative. The finite O(D,D) transformations are not included
there. The correspondence between the Buscher’s T-duality transformation and the sectioning in the
T-space is also shown by taking an AdS space as a simple example.
2 Lagrangian
The Hamiltonian form of the Lagrangian for a bosonic string in a flat space is written by
𝐿 =
.
𝑋 ⋅ 𝑃 − 𝐻 , 𝐻 = 𝑔−
1
4
(𝑃 + 𝑋′)2 + 𝑔+
1
4
(𝑃 − 𝑋′)2 (2.1)
where vectors are contracted by the usual D-dimensional Minkowski metric. We use the simple
notation
.
𝑋 = 𝜕𝜏𝑋 and 𝑋
′ = 𝜕𝜍𝑋 only for obvious situations. It reduces to
𝐿 = [
1
2
(𝑔+ + 𝑔−)]
−1 1
2
(
.
𝑋 + 𝑔+𝑋
′)(
.
𝑋 − 𝑔−𝑋
′) =
1
2
𝑒−1(𝑒+𝑋)(𝑒−𝑋) (2.2)
upon eliminating 𝑃 by its equation of motion. This suggests the Weyl-Lorentz gauge for the
zweibein [19]
𝑒± ≡ 𝑒±
𝑚𝜕𝑚 = 𝜕𝜏 ± 𝑔±𝜕𝜍 (2.3)
or more explicitly
𝑒𝑎
𝑚 = (
𝜏 𝜎
− 1 −𝑔−
+ 1 𝑔+
) (2.4)
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To derive the manifestly covariant Lagrangian for T-theory from the Hamiltonian, it’s useful to
note the orthogonality of the background field 𝐸𝐴
𝑀 with respect to the metric 𝜂,
𝐸𝐴
𝑀𝐸𝐵
𝑁𝜂𝐴𝐵 = 𝜂𝑀𝑁 , 𝐸𝐴
𝑀𝐸𝐵
𝑁 ̂𝜂𝐴𝐵 = 𝐺𝑀𝑁 , 𝐸𝐴
𝑀𝐸𝑀
𝐵 = 𝛿𝐵𝐴 (2.5)
Indices are raised and lowered with 𝜂𝑀𝑁 and 𝜂𝑀𝑁. The double space metric field 𝐺𝑀𝑁 includes
the 𝐵 field. The doubled (left/right) indices 𝐴 = (?̄?, 𝐴) can be covariantly divided with respect to
the tangent-space symmetry, with
𝜂𝐴𝐵 = (
𝜂?̄??̄? 0
0 −𝜂𝐴𝐵
) , ̂𝜂𝐴𝐵 = (
𝜂?̄??̄? 0
0 𝜂𝐴𝐵
) (2.6)
Thus 𝐸𝑀
?̄?𝐸?̄?
𝑁 and 𝐸𝑀
𝐴𝐸𝐴
𝑁 are projection operators, so the result in a background follows directly
from that without. (The background can be treated effectively as constants for purposes of varying
just the 𝑃’s.)
The Hamiltonian in the flat doubled space can thus be written as
𝐻 = 𝑔−
1
4
( ̄𝑃 + ?̄?′)2 + (𝑔+ + 𝜆+)
1
4
( ̄𝑃 − ?̄?′)2 + (𝑔− + 𝜆−)
1
4
(𝑃 + 𝑋′)2 + 𝑔+
1
4
(𝑃 − 𝑋′)2 (2.7)
The left/right D-dimensional vectors are contracted by the left/right D-dimensional Minkowski
metrics as 𝑉
2
= 𝑉𝑀𝜂
𝑀𝑁𝑉𝑁 and 𝑉
2 = 𝑉
𝑀
𝜂𝑀𝑁𝑉
𝑁
. The 𝑔’s play the same role as before for both
the ?̄? (left) and 𝐴 (right) pieces of 𝑋 and 𝑃 denoted by (?̄?, ̄𝑃) (left) and (𝑋, 𝑃) (right). The 𝜆’s
impose selfduality by killing the antiselfdual pieces, which carry opposite signs for ?̄? and 𝐴. In
terms of O(D,D) coordinates 𝑋𝑀 and O(D,D) invariant metric 𝜂𝑀𝑁 the covariant derivative
◻
▹𝑀
and the symmetry generator ▹˜𝑀 are given by
⎧
⎨
⎩
◻
▹𝑀 = 𝑃𝑀 + 𝜕𝜍𝑋𝑁𝜂𝑁𝑀
▹˜𝑀 = 𝑃𝑀 − 𝜕𝜍𝑋𝑁𝜂𝑁𝑀
(2.8)
The Hamiltonian in (2.7) is rewritten as
𝐻 = 𝑔−
1
4
(
◻
▹𝑀)
2 + (𝑔+ + 𝜆+)
1
4
(▹˜𝑀)
2 + (𝑔− + 𝜆−)
1
4
(▹˜𝑀)2 + 𝑔+
1
4
(
◻
▹𝑀)2 (2.9)
In curved space the vielbein is included as▹𝐴 = 𝐸𝐴𝑀
◻
▹𝑀 and ▹˜𝐴 = 𝐸𝐴𝑀▹˜𝑀, and the Hamiltonian
becomes
𝐻 = 𝑔−
1
4
(▹?̄?)2 + (𝑔+ + 𝜆+)
1
4
(▹˜?̄?)2 + (𝑔− + 𝜆−)
1
4
(▹˜𝐴)2 + 𝑔+
1
4
(▹𝐴)2 (2.10)
The derivation of the Lagrangian is then a double copy of the usual string case, with the
appropriate substitutions for the 𝑔’s. This suggests using independent zweibeins for left and right
(
̄𝑒+ ̄𝑒−
𝑒+ 𝑒−
) = (
1 1
1 1
) 𝜕𝜏 + (
𝑔+ + 𝜆+ −𝑔−
𝑔+ −𝑔− − 𝜆−
) 𝜕𝜍 (2.11)
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The final result for the T-theory Lagrangian is then
𝐿 =
1
2
̄𝑒−1 ̄𝐽+
?̄? ̄𝐽−?̄? +
1
2
𝑒−1𝐽+
𝐴𝐽−𝐴 (2.12)
where the currents with background are
̄𝐽?̄?
?̄? ≡ ( ̄𝑒?̄?
𝑚𝜕𝑚𝑋
𝑀)𝐸𝑀
?̄? , 𝐽𝑎
𝐴 ≡ (𝑒𝑎
𝑚𝜕𝑚𝑋
𝑀)𝐸𝑀
𝐴 (2.13)
with ̄𝑎 = (+,−) = 𝑎, ̄𝑒 = det ̄𝑒?̄?
𝑚 and 𝑒 = det 𝑒
𝑎
𝑚. (We have resisted using explicit ’s and ’s
for + and − indices.) Notation for indices are summarized in the appendix.
The full D+D spacetime coordinate transformations act on the𝑀 indices, while two independent
local O(D−1,1) tangent-spacetime transformations act on indices ?̄? and 𝐴. Similarly, the full
worldsheet coordinate transformations act on index 𝑚, while four independent local scale (actually
Weyl ± Lorentz) tangent-worldsheet transformations act on the + and − components of the ̄𝑎 and 𝑎
indices. Thus there are two independent worldsheet conformal metrics.
Another interesting gauge for half these Weyl/Lorentz invariances is
(
̄𝑒+ ̄𝑒−
𝑒+ 𝑒−
) = (
𝑒+ − ̂𝜆+𝑒− 𝑒−
𝑒+ 𝑒− − ̂𝜆−𝑒+
) (2.14)
Then in terms of the “usual” currents that use only a single zweibein
𝐽𝑎
𝐴 ≡ (𝑒𝑎
𝑚𝜕𝑚𝑋
𝑀)𝐸𝑀
𝐴 (2.15)
the above T-theory Lagrangian becomes
𝐿 =
1
2
𝑒−1(𝐽+
?̄?𝐽−?̄? + 𝐽+
𝐴𝐽−𝐴 − ̂𝜆+𝐽−
?̄?𝐽−?̄? − ̂𝜆−𝐽+
𝐴𝐽+𝐴) (2.16)
which, directly in the Lagrangian formalism, shows the ̂𝜆’s as selfduality multipliers. These ̂𝜆’s are
related to the previous by
𝜆± = (𝑔+ + 𝑔−)
̂𝜆±
1 − ̂𝜆±
(2.17)
as seen by Weyl/Lorentz rescaling all 𝜕𝜏 coefficients to 1.
3 Spacetime coordinate invariance
We show the spacetime coordinate invariances of the T-theory Hamiltonian and Lagrangian requiring
new conditions. The transformation of the spacetime background vielbein under 𝑋𝑀 → 𝑋′𝑀 =
𝑋𝑀 − 𝛬𝑀 was already given as the new Lie derivative in the Hamiltonian formalism [4, 5]:
ℒ𝐸𝐴
𝑀 = 𝛬𝑁𝜕𝑁𝐸𝐴
𝑀 − 𝐸𝐴
𝑁𝜕𝑁𝛬
𝑀 + 𝐸𝐴
𝑁𝜕𝑀𝛬𝑁 (3.1)
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The only difference from the usual Lie derivative comes from the last term which follows 𝐸𝐴
𝑀 to
be orthogonal.
At first we examine the spacetime coordinate invariance of the T-theory Hamiltonian (2.10).
The general coordinate transformation rule is obtained by taking commutator with −𝑖∫𝛬𝑀
◻
▹𝑀;
𝛿𝑋𝑀 = −𝛬𝑀 , 𝛿𝑃𝑀 = 𝜕𝑀𝛬
𝑁𝑃𝑁 + 𝜕[𝑀𝛬𝑁]𝜕𝜍𝑋
𝑁 (3.2)
An action should be invariant under combined active and passive transformations, so we combine the
new Lie derivative (3.1) and (3.2). Spacetime coordinate transformations of the covariant derivative
▹𝐴 and the symmetry generator ▹˜𝐴 are
𝛿▹𝐴 + (ℒ𝐸𝐴𝑀)
◻
▹𝑀 = 𝐸𝐴𝑁▹˜𝑀𝜕𝑀𝛬𝑁
𝛿▹˜𝐴 + (ℒ𝐸𝐴𝑀)▹˜𝑀 = 𝐸𝐴𝑁 (▹˜𝑀𝜕𝑀𝛬𝑁 + 2𝜕𝜍𝑋𝑀𝜕𝑁𝛬𝑀)
(3.3)
Invariance of ▹𝐴 and ▹˜𝐴 requires the weaker form of the selfduality condition and the Lagrangian
version of the section condition
▹˜𝑀𝜕𝑀𝛬𝑁 = 0 , 𝜕𝜍𝑋𝑀𝜕𝑁𝛬𝑀 = 0 (3.4)
The fact that vielbein fields 𝐸𝐴
𝑁(𝑋) and 𝐸′𝐴
𝑀(𝑋′) are elements of O(D,D) leads to that the transfor-
mation matrix𝑀𝑁
𝑀 should be also an O(D,D) element,
𝐸′𝐴
𝑀(𝑋′) = 𝐸𝐴
𝑁(𝑋)𝑀𝑁
𝑀 (3.5)
The infinitesimal transformation case of𝑀𝑁
𝑀 is given by (3.1) as
𝑀𝑁
𝑀 = 𝛿𝑀𝑁 − 𝜕𝑁𝛬
𝑀 + 𝜕𝑀𝛬𝑁 (3.6)
On the other hand the covariant derivative is transformed
◻
▹′𝑀(𝑋′) = 𝑁𝑀𝑁
◻
▹𝑁(𝑋) (3.7)
with 𝜕𝜍𝛬
𝑀 =
1
2
(
◻
▹𝑁 − ▹˜𝑁)𝜕𝑁𝛬𝑀 and the weaker form of the selfduality constraint in (3.4). The
infinitesimal transformation case of 𝑁𝑀
𝑁 is an O(D,D) element by (3.2) as
𝑁𝑀
𝑁 = 𝛿𝑁𝑀 + 𝜕𝑀𝛬
𝑁 − 𝜕𝑁𝛬𝑀 (3.8)
Gauge invariance of ▹𝐴, (3.3)=0 with the constraints (3.4), leads to the relation between𝑀𝑀𝑁 and
𝑁𝑀
𝑁 as
𝐸𝐴
𝑀(𝑋)
◻
▹𝑀(𝑋) = 𝐸′𝐴𝑀(𝑋′)
◻
▹′𝑀(𝑋′) ⇒ 𝑀𝑁𝑀𝑁𝑀𝐿 = 𝛿𝐿𝑁 (3.9)
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Next we examine the spacetime coordinate invariance of the T-theory Lagrangian. In Lagrangian
formulation 𝐽 𝐴𝑚 should be also gauge invariant
𝜕𝑚𝑋
𝑀𝐸𝑀
𝐴(𝑋) = 𝜕𝑚𝑋
′𝑀𝐸′𝑀
𝐴(𝑋′) (3.10)
The transformation matrices are given by
𝐸′𝑀
𝐴(𝑋′) = (𝑀−1)𝑀
𝑁𝐸𝑁
𝐴(𝑋) ⇒ 𝜕𝑚𝑋
′𝑀 = 𝜕𝑚𝑋
𝑁(𝑁−1)𝑁
𝑀 (3.11)
On the other hand the usual chain rule of the derivative gives
𝜕𝑚𝑋
′𝑀 = 𝜕𝑚𝑋
𝑀 − 𝜕𝑚𝛬
𝑀 = 𝜕𝑚𝑋
𝑁(𝛿𝑀𝑁 − 𝜕𝑁𝛬
𝑀) (3.12)
These require the following condition
𝜕𝑚𝑋
𝑁𝜕𝑀𝛬𝑁 = 0 (3.13)
This condition is the worldsheet covariant version of the last conditions in (3.4).
4 Virasoro and selfduality constraints
The manifestly T-dual space is defined by the covariant derivative
◻
▹𝑀 in (2.8), while the symmetry
generator ▹˜ in (2.8) commute with the covariant derivative. They satisfy
[
◻
▹𝑀(1),
◻
▹𝑁(2)] = −2𝑖𝜂𝑀𝑁𝜕𝜍𝛿(2 − 1)
[▹˜𝑀(1), ▹˜𝑁(2)] = 2𝑖𝜂𝑀𝑁𝜕𝜍𝛿(2 − 1)
[
◻
▹𝑀(1), ▹˜𝑁(2)] = 0
(4.1)
with 𝜕𝜍𝛿(2 − 1) =
𝜕
𝜕𝜍2
𝛿(𝜎2 − 𝜎1). There is a normalization ambiguity of the currents in (2.8). The
commutator of derivative currents gives to the particle derivative as
[
◻
▹𝑀, 𝛷] = [▹˜𝑀, 𝛷] =
1
𝑖
𝜕𝑀𝛷(𝑋) (4.2)
The selfduality condition 𝜕𝑚𝑥 = 𝜀𝑚
𝑛𝜕𝑛 ̃𝑥 is generalized to 𝜕𝑚𝑋
𝑁𝐺𝑁𝑀 = 𝜀𝑚
𝑛𝜕𝑛𝑋
𝑁𝜂𝑁𝑀 with
𝑋𝑀 = (𝑥, ̃𝑥). This condition is equal to vanishing of the antiselfdual current. The antiselfdual
current is nothing but the symmetry generator. The selfduality condition is second class constraint
▹˜𝑀 = 0 from (4.1). There are ways to make first class constraints from the second class constraints;
(1) The linear combination of them as ▹˜𝑀− ▹˜𝑀 = 0 with the 2D-dimensional indices𝑀 = (𝑀,𝑀)
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(left and right) as the dimensional reduction constraint [11]. (2) Squaring of them as (▹˜𝑀)2 = 0
with gauging the antiselfdual modes [18]. This term is added in the Hamiltonian (2.7), (2.9) and
(2.10) where Lagrange multipliers may be functions.
The Hamiltonian in curved space (2.9) is also written by
𝐻 =
1
2
(𝑔+ + 𝑔−)ℋ𝜏 +
1
2
(𝑔− − 𝑔+)ℋ𝜍 +
1
2
𝜆−(ℎ𝜏 + ℎ𝜍) +
1
2
𝜆+(ℎ𝜏 − ℎ𝜍) (4.3)
whereℋ𝜏,𝜍 = 0 are the Virasoro constraints and ℎ𝜏,𝜍 = 0 are the selfduality constraints generating
shift of the antiselfdual mode
⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩
ℋ𝜍 =
1
4
◻
▹𝑀𝜂𝑀𝑁
◻
▹𝑁 −
1
4
▹˜𝑀𝜂𝑀𝑁▹˜𝑁 =
1
4
((▹?̄?)2 − (▹𝐴)2 − (▹˜?̄?)2 + (▹˜𝐴)2)
ℋ𝜏 =
1
4
◻
▹𝑀𝐺𝑀𝑁
◻
▹𝑁 +
1
4
▹˜𝑀𝐺𝑀𝑁▹˜𝑁 =
1
4
((▹?̄?)2 + (▹𝐴)2 + (▹˜?̄?)2 + (▹˜𝐴)2)
ℎ𝜍 =
1
4
▹˜𝑀𝜂𝑀𝑁▹˜𝑁 =
1
4
((▹˜?̄?)2 − (▹˜𝐴)2)
ℎ𝜏 =
1
4
▹˜𝑀𝐺𝑀𝑁▹˜𝑁 =
1
4
((▹˜?̄?)2 + (▹˜𝐴)2)
(4.4)
The Virasoro algebra is given by
[ℋ𝜍(1),ℋ𝜍(2)] = −𝑖 (ℋ𝜍(1) +ℋ𝜍(2)) 𝜕𝜍𝛿(2 − 1)
[ℋ𝜍(1),ℋ𝜏(2)] = −𝑖 (ℋ𝜏(1) +ℋ𝜏(2)) 𝜕𝜍𝛿(2 − 1)
[ℋ𝜏(1),ℋ𝜏(2)] = −𝑖 (ℋ𝜍(1) +ℋ𝜍(2)) 𝜕𝜍𝛿(2 − 1)
(4.5)
where the 𝜎 derivatives in the canonical formalism and the usual chain rule coincide
𝜕𝜍𝛷|𝑐𝑎𝑛 = 𝑖[∫ℋ𝜍, 𝛷] =
1
2
(
◻
▹𝑀 − ▹˜𝑀)𝜕𝑀𝛷 = 𝜕𝜍𝑋𝑀𝜕𝑀𝛷 = 𝜕𝜍𝛷|𝑐ℎ𝑎𝑖𝑛 (4.6)
No subsidiary condition on fields is required.
The bilinears of the selfduality constraints satisfy the following algebras
[ℎ𝜍(1), ℎ𝜍(2)] = 𝑖 (ℎ𝜍(1) + ℎ𝜍(2)) 𝜕𝜍𝛿(2 − 1)
[ℎ𝜍(1), ℎ𝜏(2)] = 𝑖 (ℎ𝜏(1) + ℎ𝜏(2)) 𝜕𝜍𝛿(2 − 1) − 𝑖𝜒𝛿(1 − 2)
[ℎ𝜏(1), ℎ𝜏(2)] = 𝑖 (ℎ𝜍(1) + ℎ𝜍(2)) 𝜕𝜍𝛿(2 − 1)
(4.7)
with
𝜒 =
1
8
▹˜𝑁▹˜𝐿
◻
▹𝑀𝜕𝑀𝐺𝑁𝐿 (4.8)
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The closure of the algebra requires the section condition
◻
▹𝑀 𝜕𝑀𝐺𝑁𝐿 = 0 (4.9)
Commutators of the Virasoro operators and the selfduality constraints are given by
[ℋ𝜍(1), ℎ𝜍(2)] = −𝑖 (ℎ𝜍(1) + ℎ𝜍(2)) 𝜕𝜍𝛿(2 − 1)
[ℋ𝜍(1), ℎ𝜏(2)] = −𝑖 (ℎ𝜏(1) + ℎ𝜏(2)) 𝜕𝜍𝛿(2 − 1)
[ℋ𝜏(1), ℎ𝜍(2)] = 𝑖 (ℎ𝜏(1) + ℎ𝜏(2)) 𝜕𝜍𝛿(2 − 1) + 𝑖𝜒1𝛿(1 − 2)
[ℋ𝜏(1), ℎ𝜏(2)] = 𝑖 (ℎ𝜍(1) + ℎ𝜍(2)) 𝜕𝜍𝛿(2 − 1) − 𝑖𝜒2𝛿(1 − 2)
(4.10)
with
𝜒1 =
1
8
(▹˜𝑁▹˜𝐿
◻
▹𝑀𝜕𝑀𝐺𝑁𝐿) +
◻
▹𝑁
◻
▹𝐿▹˜𝑀𝜕𝑀𝐺𝑁𝐿))
𝜒2 =
1
8
(▹˜𝑁▹˜𝐿▹𝐴 ̂𝜂𝐴𝐵(∇𝐵𝐺𝑁𝐿) +
◻
▹𝑁
◻
▹𝐿▹˜𝐴 ̂𝜂𝐴𝐵(∇𝐵𝐺𝑁𝐿)) (4.11)
with ∇𝐴 = 𝐸𝐴
𝑀𝜕𝑀. The closure of the algebras requires the section conditions and the weaker
form of the selfduality condition
◻
▹𝑀(𝜕𝑀𝐺𝑁𝐿) = ▹𝐴 ̂𝜂𝐴𝐵(∇𝐵𝐺𝑁𝐿) = 0 , ▹˜𝑀(𝜕𝑀𝐺𝑁𝐿) = ▹˜𝐴 ̂𝜂𝐴𝐵(∇𝐵𝐺𝑁𝐿) = 0 (4.12)
Let us compare the chiral description in [11]. The Virasoro constraints by the selfdual current
only are given by
⎧
⎨
⎩
ℋ𝜍 =
1
4
▹𝐴𝜂𝐴𝐵▹𝐵 =
1
4
◻
▹𝑀𝜂𝑀𝑁
◻
▹𝑁
ℋ𝜏 =
1
4
▹𝐴 ̂𝜂𝐴𝐵▹𝐵 =
1
4
◻
▹𝑀𝐺𝑀𝑁
◻
▹𝑁
(4.13)
They satisfy the Virasoro algebra
[ℋ𝜍(1),ℋ𝜍(2)] = −𝑖 (ℋ𝜍(1) +ℋ𝜍(2)) 𝜕𝜍𝛿(2 − 1)
[ℋ𝜍(1),ℋ𝜏(2)] = −𝑖 (ℋ𝜏(1) +ℋ𝜏(2)) 𝜕𝜍𝛿(2 − 1)
[ℋ𝜏(1),ℋ𝜏(2)] = −𝑖 (ℋ𝜍(1) +ℋ𝜍(2)) 𝜕𝜍𝛿(2 − 1)
(4.14)
where the 𝜎 derivative is given by the commutator withℋ𝜍 in the canonical formalism
𝜕𝜍𝛷|𝑐𝑎𝑛 = 𝑖[∫ℋ𝜍, 𝛷] =
1
2
◻
▹𝑀𝜕𝑀𝛷 (4.15)
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On the other hand the usual chain rule gives
𝜕𝜍𝛷(𝑋)|𝑐ℎ𝑎𝑖𝑛 = 𝜕𝜍𝑋
𝑀𝜕𝑀𝛷(𝑋) (4.16)
The equality of these differentiations requires the weaker form of the selfduality condition
▹˜𝑀𝜕𝑀𝛷 = 0 (4.17)
In the chiral formulation the dimensional reduction constraint ▹˜𝑀 − ▹˜𝑀 = 0, which is first class,
gives the following Hamiltonian
𝐻 = 𝑔𝜏ℋ𝜏 + 𝑔𝜍ℋ𝜍 + 𝜆
𝑀(▹˜𝑀 − ▹˜𝑀) (4.18)
leading to the worldsheet covariant string action as shown in [11]. Naively the dimensional reduction
constraint supplies the antiselfdual currents.
5 Stringy geometry
The currents in the Lagrangian formulation are related to the currents in the Hamiltonian formulation
by the following derivative relations
𝜕𝜏𝛷 = 𝑖[∫ℋ𝜏, 𝛷 ] , 𝜕𝜍𝛷 = 𝑖[∫ℋ𝜍, 𝛷 ] (5.1)
in the gauge 𝑔+ = 𝑔− = 1 as
⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩
̄𝐽+
?̄? = (𝜕𝜏 + 𝜕𝜍)𝑋
𝑀𝐸𝑀
?̄? = ▹?̄?
̄𝐽−
?̄? = (𝜕𝜏 − 𝜕𝜍)𝑋
𝑀𝐸𝑀
?̄? = ▹˜?̄?
𝐽
+
𝐴 = (𝜕𝜏 + 𝜕𝜍)𝑋
𝑀𝐸𝑀
𝐴 = ▹˜
𝐴
𝐽
−
𝐴 = (𝜕𝜏 − 𝜕𝜍)𝑋
𝑀𝐸𝑀
𝐴 = ▹𝐴
(5.2)
If the selfduality condition ▹˜ = 0 is imposed then 𝑋𝑀 are chiral scalars, but it is not the case in this
paper.
Taking variation with respect to the Lagrange multipliers of the Lagrangian (2.16) gives Virasoro
constraints 𝑇++ = 0 = 𝑇−− and selfduality constraints ̄ℎ = 0 = ℎ with
⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩
𝑇++ =
1
2
( ̄𝐽+
?̄?)2 +
1
2
(
𝑔++𝑔−+𝜆+
𝑔++𝑔−+𝜆−
)
2
(𝐽
+
𝐴)2
𝑇−− =
1
2
(
𝑔++𝑔−+𝜆−
𝑔++𝑔−+𝜆+
)
2
( ̄𝐽−
?̄?)2 +
1
2
(𝐽
−
𝐴)2
̄ℎ =
1
2
( ̄𝐽−
?̄?)2
ℎ =
1
2
(𝐽
+
𝐴)2
(5.3)
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The T-theory space is defined by the covariant derivatives ▹𝐴 in Hamiltonian formulation,
while the Lagrangian is described by the selfdual currents ̄𝐽+
?̄? and 𝐽
−
𝐴. Imposing the selfduality
constraints ̄𝐽−
?̄? ≡ 0 ≡ 𝐽
+
𝐴 leads to the particle (zero-mode) limit of the selfduality currents
̄𝐽+
?̄?|𝐽𝑆𝐷=0 = (1 +
𝑔+
𝑔−
)𝜕𝜏𝑋
𝑀𝐸𝑀
?̄?
𝐽
−
𝐴|𝐽𝑆𝐷=0 = (1 +
𝑔−
𝑔+
)𝜕𝜏𝑋
𝑀𝐸𝑀
𝐴 .
(5.4)
The gauge invariant operators which do not vanish in the zero-mode limit are the Virasoro operators.
The zero-mode limit of the Virasoro operators in the gauge 𝑔+ = 𝑔− = 1 lead to the line element of
the manifest T-duality space
𝑇++ + 𝑇−− = (𝜕𝜏𝑋
𝑀𝐸𝑀
?̄?)2 + (𝜕𝜏𝑋
𝑀𝐸𝑀
𝐴)2 ⇒ 𝑑𝑠2 = 𝑑𝑋𝑀𝐺𝑀𝑁𝑑𝑋
𝑁 (5.5)
and the orthogonal condition on backgrounds
𝑇++ − 𝑇−− = (𝜕𝜏𝑋
𝑀𝐸𝑀
?̄?)2 − (𝜕𝜏𝑋
𝑀𝐸𝑀
𝐴)2 ⇒ 0 = 𝑑𝑋𝑀𝜂𝑀𝑁𝑑𝑋
𝑁 (5.6)
Let us examine the zero-mode limit of the curved space covariant derivative (3.9). While the
vielbein is transformed with the O(D,D) matrix as (3.5) the tangent vector is transformed with the
GL(2D) matrix as
𝜕
𝜕𝑋′𝑀
=
𝜕𝑋𝑁
𝜕𝑋′𝑀
𝜕
𝜕𝑋𝑁
(5.7)
In order to be gauge invariant
𝐸𝐴
𝑀(𝑋)
𝜕
𝜕𝑋𝑀
= 𝐸′𝐴
𝑀(𝑋′)
𝜕
𝜕𝑋′𝑀
(5.8)
the section condition is required
(𝜕𝑀𝛬𝑁)
𝜕
𝜕𝑋𝑀
= 0 (5.9)
It allows the O(D,D) transformation for the tangent vector as (3.8) to cancel (3.6)
𝜕
𝜕𝑋′𝑀
≈ 𝑁𝑀
𝑁 𝜕
𝜕𝑋𝑁
(5.10)
Finite gauge transformations are possible if the section condition allows to make an O(D,D) matrix
from a GL(2D) matrix. For consistency the section condition requires both the strong and weak
section conditions for functions 𝛷(𝑋), 𝛹(𝑋)
𝜕𝑀𝛹𝜕𝑀𝛷 = 𝜕
𝑀𝜕𝑀𝛹 = 𝜕
𝑀𝜕𝑀𝛷 = 0 (5.11)
It is also mentioned that the doubled coordinate 𝑋𝑀 does not satisfy the section conditions.
13
The zero-mode limit of the curved space one form (3.10) should be also gauge invariant
𝑑𝑋𝑀𝐸𝑀
𝐴(𝑋) = 𝑑𝑋′𝑀𝐸′𝑀
𝐴(𝑋′) (5.12)
The Lagrangian version of the section condition as the zero-mode limit of (3.13) is required
𝑑𝑋𝑀𝜕𝑁𝛬𝑀 = 0 (5.13)
It allows the following O(D,D) transformation of the cotangent vector
𝑑𝑋′𝑀 ≈ 𝑑𝑋𝑁(𝑁−1)𝑁
𝑀 (5.14)
Then the line element and the orthogonal constraint are gauge invariant under the T-duality covariant
coordinate transformation
𝑑𝑠2 = 𝑑𝑋𝑀𝐺𝑀𝑁(𝑋)𝑑𝑋
𝑁 = 𝑑𝑋′𝑀𝐺𝑀𝑁(𝑋
′)𝑑𝑋′𝑁
0 = 𝑑𝑋𝑀𝜂𝑀𝑁𝑑𝑋
𝑁 = 𝑑𝑋′𝑀𝜂𝑀𝑁𝑑𝑋
′𝑁
(5.15)
Concrete examples are shown as follows:
• Under the infinitesimal coordinate transformation
𝑋𝑀 → 𝑋′𝑀 = 𝑋𝑀 − 𝛬𝑀 , 𝐸′𝐴
𝑀 = 𝐸𝐴
𝑁(𝛿𝑀𝑁 − 𝜕𝑁𝛬
𝑀 + 𝜕𝑀𝛬𝑁) (5.16)
By using with the constraint the curved space one form is gauge invariant
𝑑𝑋′𝑀 ≈ 𝑑𝑋𝑁(𝛿𝑀𝑁 − 𝜕𝑁𝛬
𝑀 + 𝜕𝑀𝛬𝑁) ⇒ 𝑑𝑋
𝑀𝐸𝑀
𝐴 = 𝑑𝑋′𝑀𝐸′𝑀
𝐴 (5.17)
• Under the constant O(D,D) ∋ 𝛯𝑀
𝑁 transformation
𝑋𝑀 → 𝑋′𝑀 = 𝑋𝑁𝛯𝑁
𝑀 , 𝐸′𝐴
𝑀 = 𝐸𝐴
𝑁𝛯𝑁
𝑀 ⇒ 𝑑𝑋𝑀𝐸𝑀
𝐴 = 𝑑𝑋′𝑀𝐸′𝑀
𝐴 (5.18)
the curved space covariant derivative (5.8) and the curved space one form (5.12) are gauge
invariant. The line element is invariant and the orthogonal condition in (5.15) is also invariant
from 𝛯𝜂𝛯𝑇 = 𝜂.
• The finite coordinate transformation with only 𝑥𝜇 dependence is examined. For convenience
the O(D,D) invariant metric 𝜂𝑀𝑁 is off-diagonal
𝑋𝑀 = (𝑥𝜇, ̃𝑥𝜇) → 𝑋
′𝑀 = (𝑥′𝜇(𝑥), ̃𝑥𝜇) , 𝜂𝑀𝑁 = (
0 𝛿𝜈𝜇
𝛿𝜇𝜈 0
) (5.19)
The coordinate transformation is a GL(2D) matrix
𝜕𝑋′𝑀
𝜕𝑋𝑁
= (
𝑎𝜈
𝜇 0
0 𝛿𝜈𝜇
) , 𝑎𝜈
𝜇 =
𝜕𝑥′𝜇
𝜕𝑥𝜈
(5.20)
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By using with the section condition (5.9)
𝜕
𝜕𝑋′𝑀
≈ 𝑁𝑀
𝑁 𝜕
𝜕𝑋𝑁
, 𝑁𝑀
𝑁 =
𝜕𝑋𝑁
𝜕𝑋′𝑀
+ 𝜕𝑁𝛬𝑀 , 𝛬
𝑀 = (𝑥′𝜇(𝑥) − 𝑥𝜇, 0) (5.21)
the O(D,D) matrix is given as
𝑁𝑀
𝑁 = (
(𝑎−1)𝜇
𝜈 0
0 𝑎𝜈
𝜇 ) (5.22)
Then the cotangent vector and the vielbein are transformed by the O(D,D) matrix with the
condition (5.13) as
𝑑𝑋′𝑀 ≈ 𝑑𝑋𝑁(𝑁−1)𝑁
𝑀 , 𝐸′𝑀
𝐴 = 𝑁𝑀
𝑁𝐸𝑁
𝐴 (5.23)
As a result both the line element and the orthogonal condition are invariant under the finite
gauge transformation.
It is also denoted that the contravariant vector 𝑉𝑀(𝑋) is transformed by the new Lie derivative (3.1)
ℒ𝑉𝑀 = 𝛬𝑁𝜕𝑁𝑉
𝑀 − 𝑉𝑁(𝜕𝑁𝛬
𝑀 − 𝜕𝑀𝛬𝑁) (5.24)
and the covariant vector is its inversely transformed.
The relation to the Buscher’s transformation [23,24] is also mentioned by taking AdS space as a
simple example. The Lagrangian for a string in the D-dimensional AdS space is given by
𝐿 =
1
2
𝜕+𝑥
𝜇𝐺𝜇𝜈𝜕−𝑥
𝜈 , 𝐺𝜇𝜈 =
1
(𝑥0)2
(5.25)
with 𝑥𝜇 = (𝑥?̂?, 𝑥0). Under the Buscher’s T-duality transformation with respect to D−1 coordinates
𝑥?̂? both the coordinates and the gravitational metric are transformed,
𝑥?̂? → ̃𝑥?̂? , 𝐺?̂? ̂𝜈 → ̃𝐺
?̂? ̂𝜈 (5.26)
with the selfduality condition
𝜕𝜏𝑥
?̂?𝐺?̂? ̂𝜈 = 𝜕𝜍 ̃𝑥 ̂𝜈 , 𝜕𝜍𝑥
?̂?𝐺?̂? ̂𝜈 = 𝜕𝜏 ̃𝑥 ̂𝜈 (5.27)
The Lagrangian becomes
𝐿 =
1
2
𝜕+ ̃𝑥?̂? ̃𝐺
?̂? ̂𝜈𝜕− ̃𝑥 ̂𝜈 +
1
2
𝜕+𝑥
0𝐺00𝜕−𝑥
0 , ̃𝐺?̂? ̂𝜈 = (𝑥0)2 (5.28)
The coordinate redefinition 𝑥0 → ̃𝑥0 = 1/𝑥
0 gives the final expression
𝐿 =
1
2
𝜕+ ̃𝑥𝜇 ̃𝐺
𝜇𝜈𝜕− ̃𝑥𝜈 , ̃𝐺
𝜇𝜈 =
1
( ̃𝑥0)2
(5.29)
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On the other hand we begin by the T-theory Lagrangian in the conformal gauge
𝐿 =
1
2
𝜕+𝑥
𝑀𝐺𝑀𝑁𝜕−𝑥
𝑁 , 𝐺𝑀𝑁 = (
1
(𝑥0)2
0
0
1
(?̃?0)2
) (5.30)
where the O(D,D) invariant metric is offdiagonal (5.19). The Buscher’s T-duality transformation is
a discrete O(D,D) rotation 𝛯
𝑋𝑀 = (𝑥?̂?, 𝑥0, ̃𝑥?̂?, ̃𝑥0) , 𝛯𝑀
𝑁 =
⎛
⎜
⎜
⎜
⎝
𝛿 ̂𝜈?̂?
1
𝛿?̂?̂𝜈
1
⎞
⎟
⎟
⎟
⎠
(5.31)
which is inserted in the Lagrangian trivially as 𝜕+𝑋𝛯𝛯
𝑇𝐺𝛯𝛯𝑇𝜕−𝑋 . The Lagrangians (5.25) and
(5.29) are different sections, the 𝑥𝜇 coordinate section and the ̃𝑥𝜇 coordinate section respectively.
The O(D,D) condition implies
𝑥0 ̃𝑥0 = 1 (5.32)
6 Conclusions
The string action in curved space with manifest T-duality is presented. The gravitational field is
O(D,D) gauge field and the gauge invariance of the Lagrangian is shown. Its gauge invariance
requires the Lagrangian version of the section condition and the weaker form of the selfduality
condition. Finally the line element and the orthogonal condition in the manifest T-duality space are
presented and their gauge invariances are also shown.
This formulation will be useful for quantum computation to explore T-duality symmetric situa-
tions.
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A Indices
Indices are summarized.
𝑏(egining) : flat⋯𝐴,𝐵,⋯
𝑚(iddle) : curved⋯𝑀,𝑁,⋯
UPPER CASE : spacetime⋯𝑀,𝑁,⋯
lower case : worldvolume⋯𝑚,𝑛,⋯
̄𝐵arred : left-handed⋯?̄?, ?̄?,⋯ , 𝑀,𝑁,⋯
Underlined : right-handed⋯𝐴,𝐵,⋯ , 𝑀,𝑁,⋯
References
[1] M. J. Duff, “Duality Rotations in String Theory,” Nucl. Phys. B335 (1990) 610.
[2] A. A. Tseytlin, “Duality Symmetric Formulation of String World Sheet Dynamics,” Phys. Lett. B242
(1990) 163–174.
[3] A. A. Tseytlin, “Duality symmetric closed string theory and interacting chiral scalars,” Nucl. Phys.
B350 (1991) 395–440.
[4] W. Siegel, “Manifest duality in low-energy superstrings,” in International Conference on Strings 93
Berkeley, California, May 24-29, 1993, pp. 353–363. 1993. arXiv:hep-th/9308133 [hep-th].
[5] W. Siegel, “Superspace duality in low-energy superstrings,” Phys. Rev. D48 (1993) 2826–2837,
arXiv:hep-th/9305073 [hep-th].
[6] W. Siegel, “Two vierbein formalism for string inspired axionic gravity,” Phys. Rev. D47 (1993)
5453–5459, arXiv:hep-th/9302036 [hep-th].
[7] M. Poláček and W. Siegel, “Natural curvature for manifest T-duality,” JHEP 01 (2014) 026,
arXiv:1308.6350 [hep-th].
[8] M. Hatsuda, K. Kamimura, and W. Siegel, “Ramond-Ramond gauge fields in superspace with manifest
T-duality,” JHEP 02 (2015) 134, arXiv:1411.2206 [hep-th].
[9] M. Hatsuda, K. Kamimura, and W. Siegel, “Superspace with manifest T-duality from type II
superstring,” JHEP 06 (2014) 039, arXiv:1403.3887 [hep-th].
[10] M. Poláček and W. Siegel, “T-duality off shell in 3D Type II superspace,” JHEP 06 (2014) 107,
arXiv:1403.6904 [hep-th].
[11] M. Hatsuda, K. Kamimura, and W. Siegel, “Type II chiral affine Lie algebras and string actions in
doubled space,” JHEP 09 (2015) 113, arXiv:1507.03061 [hep-th].
[12] M. Hatsuda, K. Kamimura, and W. Siegel, “Manifestly T-dual formulation of AdS space,” JHEP 05
(2017) 069, arXiv:1701.06710 [hep-th].
17
[13] C. Hull and B. Zwiebach, “The Gauge algebra of double field theory and Courant brackets,” JHEP 09
(2009) 090, arXiv:0908.1792 [hep-th].
[14] B. Zwiebach, “Double Field Theory, T-Duality, and Courant Brackets,” Lect. Notes Phys. 851 (2012)
265–291, arXiv:1109.1782 [hep-th].
[15] D. S. Berman and D. C. Thompson, “Duality Symmetric String and M-Theory,” Phys. Rept. 566 (2014)
1–60, arXiv:1306.2643 [hep-th].
[16] G. Aldazabal, D. Marques, and C. Nunez, “Double Field Theory: A Pedagogical Review,” Class.
Quant. Grav. 30 (2013) 163001, arXiv:1305.1907 [hep-th].
[17] O. Hohm, D. Lüst, and B. Zwiebach, “The Spacetime of Double Field Theory: Review, Remarks, and
Outlook,” Fortsch. Phys. 61 (2013) 926–966, arXiv:1309.2977 [hep-th].
[18] W. Siegel, “Manifest Lorentz Invariance Sometimes Requires Nonlinearity,” Nucl. Phys. B238 (1984)
307–316.
[19] W. Siegel, “Fields,” arXiv:hep-th/9912205 [hep-th].
[20] J. Berkeley, D. S. Berman, and F. J. Rudolph, “Strings and Branes are Waves,” JHEP 06 (2014) 006,
arXiv:1403.7198 [hep-th].
[21] K. Morand and J.-H. Park, “Classification of non-Riemannian doubled-yet-gauged spacetime,” Eur.
Phys. J. C77 no. 10, (2017) 685, arXiv:1707.03713 [hep-th]. [Eur. Phys. J.C78,901(2018)].
[22] O. Hohm and B. Zwiebach, “Large Gauge Transformations in Double Field Theory,” JHEP 02 (2013)
075, arXiv:1207.4198 [hep-th].
[23] T. H. Buscher, “Path Integral Derivation of Quantum Duality in Nonlinear Sigma Models,” Phys. Lett.
B201 (1988) 466–472.
[24] T. H. Buscher, “A Symmetry of the String Background Field Equations,” Phys. Lett. B194 (1987)
59–62.
18
